Chirped Peregrine solitons in a class of cubic-quintic nonlinear Schrödinger equations by Chen, S. et al.
PHYSICAL REVIEW E 93, 062202 (2016)
Chirped Peregrine solitons in a class of cubic-quintic nonlinear Schro¨dinger equations
Shihua Chen,1,2,* Fabio Baronio,3 Jose M. Soto-Crespo,4,† Yi Liu,2 and Philippe Grelu5,‡
1Department of Physics, Southeast University, Nanjing 211189, China
2Laboratoire d’Optique Applique´e, ENSTA ParisTech, CNRS, Ecole Polytechnique,
828 Boulevard des Mare´chaux, 91762 Palaiseau Cedex, France
3INO CNR and Dipartimento di Ingegneria dell’Informazione, Universita` di Brescia, Via Branze 38, 25123 Brescia, Italy
4Instituto de ´Optica, Consejo Superior de Investigaciones Cientı´ficas, Serrano 121, Madrid 28006, Spain
5Laboratoire ICB, UMR No. 6303, CNRS, Universite´ Bourgogne Franche-Comte´, 9 Avenue A. Savary, F-21078 Dijon, France
(Received 11 April 2016; published 7 June 2016)
We shed light on the fundamental form of the Peregrine soliton as well as on its frequency chirping property by
virtue of a pertinent cubic-quintic nonlinear Schro¨dinger equation. An exact generic Peregrine soliton solution
is obtained via a simple gauge transformation, which unifies the recently-most-studied fundamental rogue-wave
species. We discover that this type of Peregrine soliton, viable for both the focusing and defocusing Kerr
nonlinearities, could exhibit an extra doubly localized chirp while keeping the characteristic intensity features
of the original Peregrine soliton, hence the term chirped Peregrine soliton. The existence of chirped Peregrine
solitons in a self-defocusing nonlinear medium may be attributed to the presence of self-steepening effect when
the latter is not balanced out by the third-order dispersion. We numerically confirm the robustness of such chirped
Peregrine solitons in spite of the onset of modulation instability.
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I. INTRODUCTION
Photonics has recently been considered as a fertile, re-
producible, and safe ground for experimental realization of
rogue waves, since the latter were first discovered within the
supercontinuum generation dynamics [1]. The versatility of
optical rogue-wave experiments spans from the generation of
the deterministic Peregrine soliton in an optical fiber [2] to
the observation of dissipative rogue waves in the vicinity of
mode-locked fiber laser operation [3] and from the recording
of three-dimensional (3D) extreme waves in the speckle
pattern of a spatially modulated optical beam [4] to the
realization of dark rogue waves in a randomly birefringent
telecommunication fiber [5]. Optical rogue-wave experimental
research is echoing intense theoretical activity whose purpose
is to understand the fundamental origin of rogue waves while
unveiling their diversity [6,7].
Among all theoretical findings, the Peregrine soliton,
which is the lowest-order rational solution of the nonlinear
Schro¨dinger (NLS) equation predicted over 30 years ago
[8], plays a pivotal role in modeling the extreme waves in
different physical branches [9]. It depicts an outlandish doubly
localized wave packet featuring a peaked hump three times the
significant wave height (SWH) and two side holes that exist
as a result of energy conservation. Analytically, it corresponds
to the limiting case of either an Akhmediev breather [10] or
a Kuznetsov-Ma soliton [11], whenever the oscillating period
along the transversal or the propagation direction becomes
infinite [2,12]. As the peak position of the Peregrine soliton
can be located everywhere, it displays the propensity to appear
from nowhere and disappear without a trace [13], which
matches the fleeting nature of oceanic rogue waves frequently
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witnessed by seafarers. To date, aside from nonlinear optics,
Peregrine solitons have also been observed in hydrodynamics
[14] and in plasma physics [15].
As a fundamental rogue-wave profile, the Peregrine soliton
is actually omnipresent in different physical systems. Besides
the standard NLS equation [8,16,17], it has been theoretically
predicted in derivative or extended NLS equations [18–23], in
the Hirota equation [24], and even in the infinite NLS equation
hierarchy [25]. It also occurs in vector or multicomponent
wave systems (e.g., the two- or three-wave resonant equations
[26–28] and the Manakov system [29]) and in higher-
dimensional wave systems [30]. It is evident that, despite the
diversity of integrable systems, all predicted Peregrine solitons
inherit the characteristic intensity features—a 3-SWH peak
amplitude and two side holes laterally located or slightly tilted.
As a matter of fact, there could be more to it. Different
from its simplest form given within the NLS framework
[2,8,14], in a more complicated system, the Peregrine soliton
would take a different fundamental form; it can acquire an
extra nonuniform phase distribution that can give rise to an
instantaneous frequency shift also localized in both space and
time. This interesting property has not been singled out so far.
Besides, earlier work showed that the Peregrine soliton can
exist in either the self-focusing or the self-defocusing medium
as its solution involves a complex denominator and thus can be
relieved from singularity [20,23]; however, what is responsible
for this phenomenon is still unclear. Therefore, considering
the fact that the electromagnetic energy would flow through
phase gradients, hence the new physics that may arise, there is
a necessity to study in depth the fundamental form of the
Peregrine soliton and reveal its phase evolution dynamics
among different systems. Of much interest to the soliton
community is how to unify the Peregrine solitons of different
phase profiles into a compact form and whether they are stable
enough to develop despite the onset of modulation instability
(MI). No doubt, to address and clarify these problems will be
the primary objectives of the present work.
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II. GAUGE TRANSFORMATION AND GENERIC
PEREGRINE SOLITON SOLUTION
For our studies, we consider the following dimensionless
cubic-quintic (CQ) NLS equation:
iEz + 12Ett + σ |E|2E + iγ (|E|2E)t + i(μ − 2γ )(|E|2)tE
+ 12 (μ − γ )(μ − 2γ )|E|4E = 0, (1)
where E(z,t) is the complex envelope of an optical pulse,
with z and t the distance and retarded time, respectively. The
coefficient σ denotes the Kerr nonlinearity, γ accounts for the
pulse self-steepening effect (we assume γ  0 without loss of
generality), and μ relates to the nonlinearity dispersion, which
can result in a self-frequency shift if μ is complex [31], and the
quintic nonlinearity often found in highly nonlinear materials
such as chalcogenide glasses [32] and organic polymers [33].
Subscripts z and t stand for partial derivatives. In cases of
self-focusing, self-defocusing, and zero Kerr nonlinearities, σ
can be normalized to 1,−1, and 0. It is worth noting that, to gain
insight into the fundamental Peregrine form, we have excluded
the higher-order dispersion terms (beyond the group-velocity
dispersion) in Eq. (1), which usually appear in the high NLS
equation hierarchy [25]. In optical contexts, the above equation
can model the propagation of ultrashort pulses in a single-mode
optical fiber [31] or in quadratic nonlinear media considering
the group-velocity mismatch [34].
To attain integrability, we let the coefficients responsible for
the self-steepening, nonlinearity dispersion, and quintic non-
linearity be related through two independent real parameters
γ and μ. In this situation, Eq. (1) can pass Painleve´ analysis
and is completely integrable [35]. It can reduce to a series of
well-established integrable equations such as the well-known
standard NLS equation (μ = γ = 0), the Chen-Lee-Liu (CLL)
-type NLS equation (μ = γ = 0) [36], the Kaup-Newell (KN)
-type NLS equation (μ = 2γ ) [37], the Gerdjikov-Ivanov
(GI) equation (μ = 0) [38], and the Kundu-Eckhaus (KE)
equation (γ = 0) [39,40]. The rogue-wave solutions of the
latter equations were extensively explored in recent years
[16,18–22]. However, generic rogue-wave solutions of the
integrable CQ NLS equation (1) have not been reported yet;
if found, they should include the above known solutions as
special cases.
At variance with previous studies, we attempt to solve
Eq. (1) by using a simple U(1)-gauge transformation [35,39],
rather than using the routine Darboux transformation or Hirota
bilinear method. In fact, it is easy to verify that, once the
solution of the CLL NLS equation
iuz + 12utt + σ |u|2u + iγ |u|2ut = 0 (2)
is known, the solution of Eq. (1) can be given by
E(z,t) = u(z,t) exp[i(γ − μ)ψ], (3)
where the real potential ψ(z,t) is defined through
ψt = |u|2, ψz = i2(u
∗ut − uu∗t ) −
γ
2
|u|4. (4)
Hence, with the gauge transformation (3), we only need to
solve Eqs. (4) in terms of the known solution u.
We note that the initial plane-wave solution that satisfies
Eq. (2) can be expressed as
u0(z,t) = a exp(ikz + iωt), (5)
where k = ηa2 − 12ω2 and η = σ − γω. Then, after some
algebra, the fundamental rogue-wave solution of Eq. (2) can
be cast into a compact form
u = u0
[
1 + 2i(γ θ − ηz) − 1/a
2
M − iN
]
, (6)
where u0 is given by Eq. (5), θ = (ω + γ a2)z − t , and
M = (η + γ 2a2)(θ2 + ηa2z2) + 1
4a2
, (7)
N = γ (γ a2z + θ ). (8)
We should point out that our rogue-wave solution (6) gener-
alizes the solution (12) presented in Ref. [20], the latter being
obtained under an extra initial condition that can be lifted
indeed. Additionally, as its denominator involves an imaginary
part N , this solution also generalizes the usual Peregrine
soliton solution of the NLS equation whose denominator is
always real [8]. As we will show later, this nonvanishing
imaginary part can give rise to intriguing phase dynamic
features.
After insertion of Eq. (6) into Eqs. (4), we find that the
potential ψ can be exactly expressed in terms of M and N ,
viz.,
ψ(z,t) = a2[t − (ω + γ a2/2)z] − 2
γ
arctan(N/M). (9)
As such, substituting Eq. (9) into Eq. (3), one can readily
obtain the rogue-wave solution of Eq. (1) as
E = E0
[
1 + 2i(γ θ − ηz) − 1/a
2
M − iN
]
exp(i), (10)
where E0 and  are the initial plane-wave solution of Eq. (1)
and the nonplanar phase, respectively, and are given by
E0(z,t) = u0 exp{ia2(γ − μ)[t − (ω + γ a2/2)z]}, (11)
(z,t) = 2(μ/γ − 1) arctan(N/M). (12)
Actually, with the nonplanar phase form given by Eq. (12), the
exponential part in Eq. (10) can take another equivalent form
exp(i) =
(
M + iN
M − iN
)μ/γ−1
. (13)
If we define the polynomial part within the square brackets
in Eq. (10) as a Peregrine function, obviously this complex
function has also an inherent phase, which can be defined by
	 = arctan
[
2M(γ θ − ηz) − N/a2
M2 + N2 − 2N (γ θ − ηz) − M/a2
]
. (14)
In contrast to the acquired phase , however, this inherent
phase 	 does not depend on the parameter μ and thus will
be the same across different integrable systems for given γ
and given initial parameters. So is the amplitude |E| of the
Peregrine soliton.
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III. CHIRPED PEREGRINE SOLITON
DYNAMICS AND DISCUSSION
An inspection of Eq. (10) reveals that this generic rogue-
wave solution, which exists only when η = σ − γω > 0, still
exhibits a characteristic Peregrine soliton hallmark, namely,
a 3-SWH peak amplitude together with two side holes, apart
from having an extra nonplanar phase when μ = γ . For this
reason, we dub the solution (10) the chirped Peregrine soliton,
which acquires an extra instantaneous frequency shift given
by [41]
δω = −∂
∂t
= 2(μ − γ )[M − 2N (η/γ + γ a
2)θ ]
M2 + N2 . (15)
It is interesting to note that this chirp δω is also doubly
localized, as a rogue wave is, but on a zero background,
markedly different from the chirp of traveling dissipative
solitons, which is usually of tanh shape in the transversal
dimension [42,43]. One may find that the magnitude of the
chirp (15), in addition to the self-steepening parameter γ ,
is also closely related to the quintic nonlinearity that is
proportional to μ − γ . The chirp will have a central value
of 8(μ − γ )a2, hence displaying a peak or a dip at the center,
depending on whether μ > γ or < γ . Obviously, this kind
of strong localization entails potentially important frequency
chirping, for large μ − γ values, in both temporal and spatial
domains.
We stress that our solution (10) is of the most generic form
that unifies different types of Peregrine solitons. It can thus
be reduced to the simpler rogue-wave solution reported for
the GI equation [19], for the CLL NLS equation [20], and for
the KN NLS equation [21], respectively, if the corresponding
conditions μ = 0, μ = γ , and μ = 2γ are satisfied. We
illustrate in Fig. 1 four types of Peregrine solitons formed
in the self-focusing situation, showing that they have the same
amplitude structure and the same inherent Peregrine phase
	, as shown in Figs. 1(a) and 1(b), respectively, but have a
different extra nonplanar phase , under otherwise identical
initial conditions. To be specific, in the CLL NLS situation
[see Fig. 1(d)], the extra phase is zero, while in the GI and KN
NLS situations, a nonuniform yet contrary phase distribution
appears [see Figs. 1(c) and 1(e)]. For other general CQ NLS
situations [see, e.g., Fig. 1(f), where we take μ = 3γ /2], the
phase distribution varies with the value of μ but has a similar
profile, as revealed in Eq. (12).
Moreover, due to the presence of self-steepening effect
[refer to the fourth term (|E|2E)t in Eq. (1) or the fourth term
|u|2ut in Eq. (2), as defined in Ref. [34]], this chirped Peregrine
soliton can exist in either the self-focusing (anomalous dis-
persion) or the self-defocusing (normal dispersion) situation.
Here we have put the corresponding dispersion situation in
parentheses, which is equivalent to the nonlinearity situation
after a change of variables. Indeed, the above conclusion is
self-evident because the denominator in Eq. (10) is always
complex whenever γ = 0 takes place, thus avoiding the
singularity that usually occurs in the defocusing situation. In
such a case, even if the Kerr nonlinearity is zero (i.e., σ = 0),
the Peregrine soliton state remains alive as long as η > 0.
In particular, we need to emphasize that for the present CQ
NLS scenario, the Peregrine soliton form discovered for the
FIG. 1. Three-dimensional and contour plots showing the ampli-
tude |E|, which remains the same as in (a), and the nonplanar phase
 of chirped Peregrine solitons in the focusing situation (σ = 1)
for given parameters γ = 1, a = 1, and ω = −1: (c) μ = 0 (GI
equation), (d) μ = γ (CLL NLS equation), (e) μ = 2γ (KN NLS
equation), and (f) μ = 3γ /2 (CQ NLS equation). The inherent phase
	 is illustrated in (b), which remains identical in different μ cases.
focusing case has no bearing upon the one in the defocusing
case, contrarily to the Fokas-Lenells scenario where different
types of Peregrine solitons can be linked to each other
[23]. Physically, that a defocusing (or, equivalently, normally
dispersive) scalar system could allow a bright solution is not
surprising. One may recall that in the CQ-type dissipative
system, bright dissipative solitons also occur in both the
anomalous and normal dispersion regimes [44,45]. Shown in
Fig. 2 are the typical Peregrine soliton structure, the total phase,
the nonplanar phase, and the corresponding chirp distribution
in the case of self-defocusing Kerr nonlinearity, for given
parameters γ = 1,μ = 1/2, a = 1, andω = −2. It is clear that
in such a defocusing situation, a deterministic Peregrine soliton
state occurs, usually involving an extra nonplanar phase [see
Figs. 2(a)–2(c)]. More intriguingly, the chirp distribution will
take a dark doubly localized structure on a zero background
for μ < γ , as shown in Fig. 2(d).
Now let us take a further look at the Peregrine soliton
solution (10) in the limiting case γ → 0 (i.e., in the absence
of self-steepening effect). In this case, it follows easily from
Eqs. (7) and (8) that
M = σ [(ωz − t)2 + σa2z2] + 1
4a2
, N = 0 (16)
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FIG. 2. Generic chirped Peregrine soliton in the self-defocusing
situation (σ = −1): (a) the amplitude |E|, (b) the total phase (	 + )
(excluding the plane-wave phase), (c) the nonplanar phase , and (d)
the chirp δω. Other parameters are specified by γ = 1, μ = 1/2,
a = 1, and ω = −2.
and from Eq. (12) that  = 2μ(ωz − t)/M . As a result,
Eq. (10) boils down to
E = E0
(
1 − 2iσz + 1/a
2
M
)
exp[2iμ(ωz − t)/M], (17)
which is none other than the first-order rational solution of
the KE equation [22]. In this case, the chirp formula (15)
can also be simplified as δω = 2μ
M
[1 − 2σ (ωz − t)2/M]. With
these formulas, one can readily conclude that only in the self-
focusing case (σ = 1) does the KE equation admit rogue-wave
solutions, as Eq. (17) involves now a real denominator and
would become singular as σ = −1. Nevertheless, the chirp δω
will take a bright doubly localized structure as μ > 0 or a dark
one as μ < 0. For instance, Fig. 3 shows a typical Peregrine
soliton structure along with a bright doubly localized chirp [see
Fig. 3(c)] in the focusing KE equation for given μ = 1/2. In
the case of the NLS equation [8], the same amplitude structure
as in Fig. 3(a) exists, but the chirp will be absent.
FIG. 3. Chirped Peregrine soliton of the focusing KE equation for
given σ = 1, γ = 0, μ = 1/2, a = 1, and ω = 0: (a) the amplitude
|E|, (b) the nonplanar phase , and (c) the chirp δω.
However, this is not always the case with the self-steepening
term. Generally, when the higher-order dispersion terms are
included in the model, as occurs in the infinite NLS equation
hierarchy [25], even under the self-steepening effect, there
will be no more Peregrine soliton states for a defocusing Kerr
nonlinearity. For instance, if we add a third-order dispersion
term iγ6σ uttt in Eq. (2), it will become the integrable Hirota
equation, which admits the following rational solution:
u = u0
[
1 − 2iηz + 1/a
2
σ (θ − γω2z/2σ )2 + η2a2z2 + 1/4a2
]
, (18)
where u0 is given by Eq. (5) but with k = ηa2 − 12ω2 +
γ
6σ ω
3
. Clearly, different from Eq. (6), which involves an
imaginary part N , the solution (18) is now endowed with a
real denominator and will be singular when σ = −1, thus
precluding the Peregrine soliton state in the defocusing Kerr
nonlinearity situation.
IV. MODULATION INSTABILITY
AND NUMERICAL SIMULATIONS
Actually, the general existence condition of the chirped
Peregrine soliton η = σ − γω > 0 can also be obtained
via a baseband MI analysis [46]. For this end, we add
small-amplitude Fourier modes to the plane-wave solution
(11) and express it as E = E0{1 + p exp[−i(κz − t)] +
q∗ exp[i(κ∗z − t)]}, where p and q are small amplitudes of
the Fourier modes,  accounts for the modulation frequency
(  0), and the propagation parameter κ is assumed to be
complex. Substituting the above perturbed solution form into
Eq. (1) and linearizing the resulting equation, we obtain a
system of two coupled linear equations for p and q. This
system has a nontrivial solution only when κ and  satisfy the
following dispersion relation:
(κ − ω − γ a2)2 + ηa2 − 142 = 0, (19)
which is a quadratic equation of κ . In principle, the plane-wave
solution (11) becomes unstable whenever κ in Eq. (19)
has an imaginary part, since the perturbation then grows
exponentially with the distance. Obviously, in the limit of
 = 0 (that is, at a sufficiently low modulation frequency in
the baseband MI [46]), Eq. (19) admits a pair of complex roots
only when η > 0 is satisfied, a sufficient condition exactly
consistent with our analytical prediction above.
On the other hand, we define an MI growth rate as G =
|Im(κ)| and find it to be
G = 
√
ηa2 − 2/4, (20)
which will have a maximum value ηa2 as the modulation
frequency equals  = √2ηa. Figure 4 displays the MI gain
map versus  and ω for both the focusing and defocusing
cases. It is clearly shown that the Peregrine soliton states
only exist in the ω < σ/γ regime for γ = 0, independently
of the value of μ, and that for the same initial parameters,
the MI in the defocusing case [see Fig. 4(b)] is weaker than
in the focusing case [see Fig. 4(a)]. We should point out
that in the case of the focusing KE equation, the Peregrine
soliton could exist in the whole domain of ω as the condition
η = σ > 0 always holds true. Besides, in the present work,
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FIG. 4. Map of the MI gain in the plane (,ω) for γ = 1 and
a = 1: (a) σ = 1 (the focusing case) and (b) σ = −1 (the defocusing
case). The red dash-dotted curves stand for the marginal stability
defined by ηa2 − 2/4 = 0.
we are only concerned with the rogue-wave solutions. Indeed,
if η  0, Eq. (10) may also serve as a valid solution to
Eq. (1), but generally manifests itself in the form of algebraic
solitons [23].
We then perform extensive numerical simulations to study
the stability of chirped Peregrine solitons in different integrable
systems, based on the standard split-step Fourier method
[17]. First, we perturb the initial deterministic rogue-wave
profile by small amounts of white noise and inspect whether
the rogue-wave generation is still observed in the presence
of the MI activated by such quantum noise. As usual, we put
the noise onto the initial profile by multiplying the real and
imaginary parts of the optical field E by a factor [1 + εri(x)]
(i = 1,2), respectively, where r1,2 are two uncorrelated random
functions uniformly distributed in the interval [−1,1] and
ε is a small parameter defining the noise level. Figure 5
shows the numerical results of the specific chirped Peregrine
soliton given in Fig. 2, which forms with the defocusing Kerr
nonlinearity, initially perturbed by white noise of strength
ε = 0.01. It is exhibited that even under such a large noise
perturbation [Fig. 5(a)], this chirped Peregrine soliton, includ-
ing its amplitude [Fig. 5(b)] and nonplanar phase [Fig. 5(c)],
can still propagate very neatly for a rather long distance,
with profiles agreeing very well with the analytic solution
(10). It is also seen that, once MI is completely developed,
the main temporal period of the generated waves is around
4.5 [which will be more obvious in Fig. 6(a) given below],
corresponding to a modulation frequency of 2π/4.5 ≈ 1.4, a
value very well consistent with the analytic one
√
2 predicted
in our MI analysis above [see Fig. 4(b)].
Second, in order to see whether the chirped Peregrine
solitons would be easily generated in realistic conditions, we
intend to excite them numerically by using the plane-wave
solution (11) at z = 0 as the initial condition, perturbed by
white noise of lower strength ε = 0.001. Typical simulation
results are presented in Fig. 6, where we used the same
plane-wave and model parameters as in Fig. 2 for the sake
of comparison. In the amplitude evolution plot [see Fig. 6(a)],
FIG. 5. Simulation results of the chirped Peregrine soliton dy-
namics shown in Fig. 2 perturbed by white noise of  = 0.01: (a)
initial perturbed profile as compared to its analytic solution (red
curve), (b) evolution of the amplitude |E|, and (c) evolution of the
nonplanar phase .
the first five distance units have been removed, as there are
hardly any visible changes on the chosen scale. It can be seen
that after ten distance units, the MI has developed completely
and the isolated rogue waves, the Akhmediev breathers, and
the Kuznetsov-Ma solitons in the sea of waves appear. The
part selected by a black rectangle is enlarged and plotted in
Fig. 6(b). It is clear that the wave in the fore of the 3D plot
is exactly the Peregrine soliton shown in Fig. 2, as its profile
agrees very well with our analytic solution (10) [see Fig. 6(c)].
This result implies that such chirped Peregrine solitons, for
either the focusing or the defocusing Kerr nonlinearity, can
be observed in a laboratory environment as long as the model
equation (1) applies.
Finally, let us briefly discuss possible experimental set-
tings in the context of nonlinear optics for observation of
chirped Peregrine solitons. Usually, one may consider the
temporal dynamics of ultrashort pulses in soft glasses such as
chalcogenides [32] or in some organic polymers such as poly-
diacetylene para-toluene sulfonate (PTS) [33], which show
observable quintic nonlinearity besides the cubic response. In
a bulk PTS crystal, a stable propagation of 2D spatial solitons
was reported, due to the stabilizing effect of a saturating
quintic nonlinearity [47]. Hence, as one might expect, the
generic chirped Peregrine solitons may also be observed in
a 1D PTS waveguide, of course taking into account the
self-steepening effect that always accompanies the ultrashort
pulse propagation [41]. Additionally, one may consider the
propagation of ultrashort optical pulses in quadratic crystals
(e.g., β-barium borate crystals, periodically poled lithium nio-
bate, or tantalate crystals [48,49]) in the high phase-mismatch
cascading regime, which may mimic effective Kerr and self-
steepening effects. We should point out that in this situation,
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FIG. 6. Numerical excitation of the generic chirped Peregrine
soliton state given in Fig. 2 from the plane-wave solution (11)
perturbed by white noise of  = 0.001: (a) the amplitude evolution,
(b) the enlarged 3D plot of the black rectangle part selected in (a),
and (c) the wave profile (red dashed curve) of the selected part fitted
by the analytic solution (blue dotted curve).
the propagation of optical pulses can be governed by the CLL
NLS equation [48,49], suggesting that our Peregrine solitons
shown in Figs. 1(d) and 1(e) may be realized using the same
experimental setup. Further, one might also consider mode-
locked fiber lasers, since their distributed modeling involves
quintic nonlinearity [50]. However, the latter is essentially of
dissipative type, which breaks down the integrability required
by the current analytic approach. Although beyond analyticity,
dissipative rogue waves [3] should in general exhibit frequency
chirping effects as discussed above. All these interesting issues
are topics for future investigation within the soliton physics
community.
V. CONCLUSION
We obtained an exact generic fundamental rogue-wave
solution to the integrable CQ NLS equation via a simple
gauge transformation, which unifies the recently-most-studied
fundamental rogue-wave species obtained from the standard,
derivative, and extended NLS equations [16,18–22]. With
insight into its fundamental form and dynamic characteris-
tics, we introduced a more inclusive concept, the chirped
Peregrine soliton, for this fundamental rational solution,
which generalizes the original Peregrine soliton concept and
extends the range of its applicability to cover higher-order
nonlinear effects. We demonstrated that this type of Peregrine
soliton involves an intriguing doubly localized chirp structure
on a zero background, besides having inherited the typical
hallmarks such as a 3-SWH peak amplitude and two side
holes. This unique chirping property may be attributed to the
self-steepening effect or the presence of quintic nonlinearity,
or both. In addition, we showed that, aside from the usual
focusing nonlinearity situation, the chirped Peregrine soliton
can also exist in the self-defocusing nonlinear medium, as
long as the self-steepening effect comes into force and is not
balanced out by the third-order dispersion. This is contrary
to the case in the NLS equation hierarchy where only the
unchirped Peregrine soliton is allowed to exist in the self-
focusing medium [25]. Finally, extensive simulations were
performed to confirm the robustness of chirped Peregrine
solitons in both the focusing and defocusing cases, in spite of
the onset of the spontaneous MI activated by white noise. We
also numerically excited the chirped Peregrine solitons from
the background field directly, indicating their observability
under realistic experimental conditions. For this purpose, we
proposed several feasible experimental schemes as interesting
topics for future exploration.
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